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A curved two dimensional electron gas with spin-orbit interactions due to the radial confinement
asymmetry is considered. At certain relation between the spin-orbit coupling strength and curvature
radius the tangential component of the electron spin becomes a conserved quantity for any spin-
independent scattering potential that leads to a number of interesting effects such as persistent spin
helix and strong anisotropy of spin relaxation times. The effect proposed can be utilized in the
non-ballistic spin-field-effect transistors.
I. INTRODUCTION
Spin-orbit coupling is one of the key ingredients for
electrical control and manipulation spins in semiconduc-
tor nanostructures and therefore a major issue of both
experimental and theoretical studies in semiconductor
spintronics. A paradigmatic example for a spintronics
device is the spin field-effect transistor(SFET) proposed
by Datta and Das over fifteen years ago1. The origi-
nal proposal envisaged a two-dimensional electron gas
(2DEG) in a semiconductor quantum well with Rashba
spin-orbit coupling2,3. This contribution to spin-orbit in-
teraction stems from an asymmetry of the confining po-
tential in the growth direction and can be particularly
pronounced for material such as InAs. Most noteworthy,
the strength of the Rashba term can be tuned in experi-
ment via a gate voltage across the quantum well4,5,6,7,8.
This is in contrast to the Dresselhaus coupling, another
effective contribution to spin-orbit interaction in 2DEGs
resulting from the lack of inversion symmetry in zinc-
blende III-V semiconductors9. In particular, for typical
parameters of realistic materials it is in principle possi-
ble to tune the Rashba coupling to be equal in magnitude
to the Dresselhaus coupling10. In this situation an ad-
ditional conserved spin quantity arises which opens the
perspective to possibly operate an SFET also in the dif-
fusive regime11, apart from other interesting effects such
as persistent spin helix12 and strong anisotropy of spin
relaxation times13. In the present paper we investigate
a similar interplay between the Rashba coupling and the
effects of a finite curvature of a cylindrical 2DEG. Such
curved systems have been produced recently by several
independent groups14,15,16,17 and studied regarding their
magnetotransport properties17,18,19,20. Our theoretical
results obtained here predict the existence of a conserved
spin component for appropriately tuned system param-
eters, very analogously to the balancing of Rashba and
Dresselhaus coupling in a flat 2DEG. Moreover, within
the framework of second quantization, this observation
can be extended to a full su(2) algebra of conserved quan-
tities, in full analogy to recent findings for a flat 2DEG12.
Finally, we also discuss our results with respect to the
zitterbewegung of electrons due to spin-orbit coupling in
two-dimensional semiconductor structures21.
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FIG. 1: (a) The system under consideration: A rolled-up
2DEG with spin-orbit coupling induced by the asymmetric
radial confinement U(r). (b) In general case, Fermi contours
of the rolled-up 2DEG are anisotropic. Here, kz and kt are the
longitudinal and tangential components of the electron mo-
menta respectively. The arrows show the spin orientation in
the eigenstates (7)–(8). (c) In the planar case R≫ ~2/(2m∗α)
the Fermi contours represent just two concentric circles, i. e.
the dispersion law is isotropic. Here, the spin orientation de-
pends on the momentum. (d) At α = −~2/(2m∗R) the Fermi
contours are two circles as well. Here, the spin orientation
does not depend on the momentum within a spin-split sub-
band, i. e. the tangential component of the electron spin is
conserved.
II. RESULTS AND DISCUSSION
Let us consider the Hamiltonian describing electrons
in a rolled-up layer of radius R depicted in Fig. Ia. Fol-
lowing Rashba2,3, we rely on the effective mass model,
and, hence, the Hamiltonian reads
H = Hkin +HSO + V (z, ϕ) + U(R), (1)
2where U(R) is the radial confining potential U(r) at r =
R, V (z, ϕ) is the arbitrary scalar potential describing,
for example, the influence of impurities or imperfections.
The spin-orbit coupling term has the form22
HSO = α (σϕkz − σzqϕ/R) , (2)
where kz = −i
∂
∂z and qϕ = −i
∂
∂ϕ are the longitudi-
nal and angular momentum operators respectively, σϕ =
−σx sinϕ+ σy cosϕ, σz are the corresponding Pauli ma-
trices, and α is the spin-orbit coupling constant. The
kinetic term reads
Hkin =
~
2k2z
2m∗
+ ε0q
2
ϕ, (3)
where ε0 = ~
2/(2m∗R2) is the size confinement energy,
and m∗ is the effective electron mass.
The spin dynamics can be described utilizing the com-
mutation relations between the spin projection operators
sz =
1
2σz , sr =
1
2 (σx cosϕ+σy sinϕ), sϕ =
1
2 (−σx sinϕ+
σy cosϕ) and the Hamiltonian (1). The corresponding
equations read
dsz
dt
= −
α
~
kz
(
0 e−iϕ
eiϕ 0
)
, (4)
dsr/dt =
i
~
(
−iαkz e
−iϕ (ε0 + αR) ( 12 − qϕ)
eiϕ
(
ε0 +
α
R
) (
1
2 + qϕ
)
iαkz
)
,
(5)
dsϕ
dt
=
ε0 + α/R
~
(
0 e−iϕ
(
1
2 − qϕ
)
−eiϕ
(
1
2 + qϕ
)
0
)
.
(6)
Note, that the left-hand sides of Eqs. (4)–(6) are noth-
ing else than the corresponding spin precession frequency
operators.
Let us have a look at the special case α = −ε0R. Here
Eq. (II) becomes diagonal, whereas the right hand side
of Eq. (6) vanishes. The latter means that the tangential
spin sϕ does not precess at all, i. e. sϕ is the conserved
quantity for arbitrary potential V (z, ϕ). It is important
to emphasize here, that in the planar case with Rashba
coupling none of all the possible spin projections is con-
served.
The effect has the following geometrical interpretation.
On the one hand the spin rotation angle in the 2DEG
with Rashba spin-orbit coupling depends explicitly on the
length L of the electron path, namely ∆θso = 2m
∗αL/~2.
On the other hand the spin rotation angle of an elec-
tron moving adiabatically along the arc of radius R
is ∆θg = L/R. Here, the index g means “geometri-
cal”. Now one can see easily that in the special case
1/R = −2m∗α/~2 the spin rotation angle of geometrical
origin ∆θg = −2m
∗αL/~2 completely compensates the
spin rotation angle ∆θso which is due to the spin-orbit
coupling alone.
The phenomena found here is similar to what is pro-
posed by Schliemann et al.11 for the planar 2DEG in pres-
ence of both Rashba and Dresselhaus interactions. The
interplay between them can lead to the conservation of
the spin quantity Σ = 1√
2
(σx ± σy), that might be uti-
lized in non-ballistic SFETs. In contrast to Ref.11, for us
it is enough that the spin-orbit coupling stems from the
asymmetry of the confinement U(r) only, and the bulk
spin-orbit effects are not necessary. Nevertheless, all the
proposals regarding the non-ballistic SFET11 are valid
for the device studied here as well.
To show that we consider the Hamiltonian (1) at
V (z, ϕ) + U(R) = 0. Then, its eigenstates are
ψ+ =
(
i sin γe−iϕ/2
cos γeiϕ/2
)
ei(kzz+lϕϕ), (7)
ψ− =
(
cos γe−iϕ/2
i sin γeiϕ/2
)
ei(kzz+lϕϕ), (8)
where tan 2γ = −αkz/[(ε0 + α/R)lϕ], and the spectrum
reads
E± =
~
2k2z
2m∗
+ ε0l
2
ϕ +
ε0
4
+
α
2R
±
√
α2k2z +
(
ε0 +
α
R
)2
l2ϕ.
(9)
Note, that the expectation values of sz, sϕ calculated for
the eigenstates (7)–(8) are, in general, momentum depen-
dent (see Fig. Ib,c). Therefore, the electron spin becomes
randomized due to the momentum scattering, and any
given spin-polarization of the electron beam vanishes at
the lengths of the order of the electron mean free path. At
α = −ε0R the tangential spin-polarization remains un-
changed for any spin-independent scattering (see Fig. Id).
Thus, assuming two spin-polarized contacts at the ends
of the rolled-up 2DEG one can modulate the electric cur-
rent via Rashba constant α as discussed in Ref.11 in great
details.
As an important property of the system studied here,
the spinors in Eqs. (7),(8) depend explicitly on the spatial
coordinate ϕ, i.e. spin and orbital degrees of freedom are
entangled. This observation corresponds to the fact that
tangential momentum operator qϕ/R does not commute
with the spin operators sϕ and sr, differently from the sit-
uation in a planar 2DEG with spin orbit coupling of, e.g.
Rashba and Dresselhaus type. This property of rolled-up
2DEGs has essentially geometrical origin since, generally
speaking, an electron spin moving along a path with fi-
nite curvature R changes its direction depending on the
adiabaticity parameter 2αm∗R/~2, see Ref.23. However,
the expectation values of sϕ, sz, and sr within the eigen-
states (7),(8) are independent of the angle coordinate ϕ.
Another promising application of the effect proposed
is the observation of the persistent spin helix studied re-
cently in Ref.12. In fact, the exact su(2) symmetry nec-
essary for the persistent spin helix can be found not only
3in flat 2DEGs with both Rashba and Dresselhaus inter-
actions but in rolled-up 2DEGs with Rashba interaction
alone. Indeed, the exact su(2) symmetry is generated by
the following operators
S+ =
∑
kz,lϕ
c†kz+kR,lϕ,−ckz−kR,lϕ,+, (10)
S− =
∑
kz ,lϕ
c†kz−kR,lϕ,+ckz+kR,lϕ,−, (11)
Sz =
∑
kz ,lϕ
(
c†kz ,lϕ,−ckz ,lϕ,− − c
†
kz ,lϕ,+
ckz ,lϕ,+
)
, (12)
where ckz ,lϕ,s are the annihilation operators of the par-
ticles with the spin-index s ∈ {±}, and kR = m
∗α/~2.
These operators and Hamiltonian written as
H =
∑
kz,lϕ,s
Es(kz , lϕ)c
†
kz ,lϕ,s
ckz ,lϕ,s (13)
obey the following commutation relations
[
H,S±
]
= 0, [H,Sz] = 0 , (14)
[
S+, S−
]
= 2Sz,
[
Sz, S±
]
= ±S± . (15)
Thus, the operators S± and Sz commute with the Hamil-
tonian and form a representation of su(2), and all findings
of Ref.12 are valid for our system as well.
Let us finally make some remarks regarding the zit-
terbewegung of electrons in rolled-up 2DEGs. Just as in
the classic case of free relativistic electrons described by
the Dirac equation, this phenomenon is nothing else but
a beating between different dispersion branches split in
energy21. To investigate the zitterbewegung of electrons
in rolled-up 2DEGs we find the components of the time
dependent position operator in the Heisenberg picture
which read
zH(t) = z(0)+[z,R]+
1
2
[[z,R] , R]+
1
6
[[[z,R] , R] , R]+ ...
(16)
ϕH(t) = ϕ(0)+[ϕ,R]+
1
2
[[ϕ,R] , R]+
1
6
[[[ϕ,R] , R] , R]+...
(17)
where R = −iHt/~. In the particular case ε0 = −α/R
neither of the position operator components contains os-
cillating terms, and the zitterbewegung is absent, simi-
larly to the case of a flat 2DEG with balanced Rashba
and Dresselhaus spin-orbit coupling24.
The key problem regarding the present proposal is the
experimental realization of the rolled-up 2DEGs fulfill-
ing the required relation between R and α. In the Table
I, we present the values for Rashba constant which are
necessary for the realization of the non-ballistic SFET
TABLE I: Critical Rashba constants α = −~2/(2m∗R) for
some rolled-up structures reported in the literature.
Quantum well, Refs R m∗/m α = −ε0R (eVm)
AlGaAs/GaAs/AlGaAs17 8µm 0.067 6 · 10−14
AlGaAs/GaAs/AlGaAs18 4µm 0.067 1.2 · 10−13
SiGe/Si/SiGe16,25 270nm 0.19 6 · 10−13
TABLE II: Critical curvature radii R = −~2/(2m∗α) accord-
ing to the Rashba parameters of some flat 2DEGs reported in
the literature.
Quantum well, Refs α (eVm) m∗/m | R |
InAlAs/InGaAs/InAlAs4 7.2 · 10−12 0.05 83nm
InP/InGaAs/InP6 5.3 · 10−12 0.041 150nm
SiGe/Si/SiGe25 5.5 · 10−15 0.19 33µm
proposed. In the Table II, the curvature radius is cal-
culated for a given α. Here, the Rashba constant is as-
sumed to be the same as for the planar case. This is quite
rough assumption since the spin-orbit interactions can be
changed because of the additional strain at the bending.
Therefore, the Rashba constant should be remeasured for
rolled-up 2DEGs even if its value for the planar case is
already known.
III. CONCLUSIONS
In conclusion, we have investigated the spin dynam-
ics in rolled-up 2DEGs with interactions of Rashba type
using the Hamiltonian which includes an arbitrary scat-
tering potential as well. We have found, that at certain
relation between the Rashba constant and radius of cur-
vature the tangential spin is conserved. This is the most
striking feature of the rolled-up 2DEG as compared with
its planar analogue. Apart from its fundamental impor-
tance, the effect proposed can be utilized in non-ballistic
SFETs. In addition, su(2) spin rotation symmetry and
zitterbewegung have been investigated.
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